We study dynamics of two coupled periodically driven oscillators. The internal motion is separated off exactly to yield a nonlinear fourth-order equation describing inner dynamics. Periodic steady-state solutions of the fourth-order equation are determined within the Krylov-BogoliubovMitropolsky approach -we compute the amplitude profiles, which from mathematical point of view are algebraic curves.
Introduction
In this work we study dynamics of two coupled oscillators, one of which is driven by an external periodic force. Equations governing dynamics of such system are of form:
where R 1 , V 1 and R 2 , V 2 are nonlinear elastic restoring force and nonlinear force of internal friction for mass m 1 and mass m 2 , respectively. Dynamic vibration absorber, consisting of a (generally small) mass m 2 , attached to the primary vibrating system of (typically larger) mass m 1 is a generic mechanical model described by (1) [1, 2] .
We shall consider a special case:
Dynamics of coupled periodically driven oscillators is very complicated [3, 4, 5, 6, 7, 8] . Starting from equations (1), (2) we derived the exact fourth-order nonlinear equation for internal motion as well as approximate second-order effective equation [9, 10] (this approximation performs well for m2 m1 ≪ 1). Applying the Krylov-Bogoliubov-Mitropolsky (KBM) method to the effective equation we have computed and studied the corresponding nonlinear resonances. More exactly, we investigated the amplitude profiles (resonance curves) A (ω), i.e. dependence of the amplitude on the frequency ω, given implicitly by the KBM method. Metamorphoses of the resonance curves A (ω) induced by changes of the control parameters, leading to new nonlinear phenomena, have been studied within the theory of algebraic curves -they occur in the neighbourhoods of singular points of A (ω) [11, 12, 13] .
In the present paper we study the exact fourth-order equation for internal motion. It turns out that the KBM method can be applied to yield equation defining the amplitude profile A (ω; a, b, . . .) implicitly, where a, b, . . . are some parameters. This resonance curve is more complicated then in the case of effective equation and hence more complicated metamorphoses are possible. The aim of the present paper is to explore these possibilities.
The paper is organized as follows. In the next Section the exact 4th-order equation for the internal motion in non-dimensional form is presented. In Section 3 equation for the resonance curves A (ω) is derived from the exact fourthorder equation for internal motion via the Krylov-Bogoliubov-Mitropolsky approach. In Section 4 the theory of algebraic curves is used to compute singular points on the exact equation amplitude profiles -metamorphoses of amplitude profiles occur in neighbourhoods of such points. In Section 5 examples of analytical and numerical computations are presented for the 4th-order equation equation. Our results are summarized in the last Section.
Exact equation for internal motion
In new variables, x ≡ x 1 , y ≡ x 2 − x 1 , equations (1), (2) can be written as:
where
Adding equations (3) we obtain important relation between variables x and y:
where M = m + m e .
We can eliminate variable x in (3) to obtain the following exact equation for relative motion:
where F = m e ω 2 f , µ = mm e /M and ǫ = m e /M is a nondimensional parameter [9, 10] , see also Ref. [14] where separation of variables for a more general system of coupled equations was described. Equations (5), (4) are equivalent to the initial equations (1), (2) .
For small ǫ we can reject the term proportional to ǫ to obtain the approximate (effective) equation which can be integrated partly to yield the effective equation:
In what follows we shall assume
This model was also investigated in [8] where limiting phase trajectories approach was used.
In this work we shall investigate the exact equation (5). We write Eqns. (5), (7) in nondimensional form. Introducing nondimensional time τ and rescaling variable y:
where:ω
we get:
whereL is a linear operator:L
and nondimensional constants are given by:
3 Nonlinear resonances via Krylov-BogoliubovMitropolsky method
We apply the Krylov-Bogoliubov-Mitropolsky (KBM) perturbation approach [15] to the exact nonlinear fourth-order equation (10) describing internal motion of the small mass. The equation (10) is written in the following form:
whereL is defined in (11) and εg (z,ż) is given by:
and
Equation (13) was prepared in such way that for ε = 0 the general solution,
, with constant and arbitrary A, ϕ, C, D and, moreover, the solution for H, a > 0 does not contain secular terms and z (τ ) −→ A cos (Ωτ + ϕ) for τ −→ ∞.
We shall now look for 1 : 1 resonance using the KBM method. For small nonzero ε the solution of Eqns. (13) - (15) and (7) is sought in form:
with slowly varying amplitude and phase:
Computing now derivatives of z from Eqns. (16), (17), (18) and substituting to Eqns. (13) - (15), (7) and eliminating secular terms and demanding M 1 = 0, N 1 = 0 we obtain the following equations for the amplitude and phase of steady states:
where p = h + H (κ + 1), q = ah + H, r = hH + a (κ + 1) + 1. Solving the system of equations (19) we get the implicit expressions for the amplitude A (Ω) and the phase ϕ (Ω):
Equation for the correcting term z 1 is of form:
where Φ ≡ 3Ωτ + 3ϕ (Ω). Solving Eqn.(21) and substituting to (16) we get finally: 
We can eliminate J from Eqns. (24a), (24b) computing L − 
to obtain simplified equations:
from which X, Y can be computed as functions of parameters a, b, h, H, κ and, finally, J can be computed from the last equation
Equations (26), (27), (28) are still very complicated making analytical investigation virtually impossible. We shall thus solve these equations numerically.
Computational results
In the present Section singular points of amplitude profiles -solutions of Eqns. (26), (27), (28) -are studied. More exactly, resonance curves with one singular point, two singular points on one curve, and with degenerate singular point are presented and metamorphoses of bifurcation diagrams are shown. The first two solutions correspond to self-intersections, see Fig. 1 , while the second pair represents isolated points.
Amplitude profiles with one singular point
Metamorphoses of bifurcation diagrams which occur in the neighbourhood of self-intersections for the exact fourth-order equation are, for small κ, qualitatively similar to those studied for the case of 1 : 1 resonance in the effective equation in [11, 13] and are not shown here. Table 1 ), J = 1. 036 434 991 78 (right self-intersection, red curve, n = 2 in Table 1 ) and neighbouring curves (blue and green lines).
Amplitude profiles with two singular points
It is possible, tuning the parameters properly, to obtain amplitude profile with two singular points. Let, as before, κ = 0.05, b = −0.001, a = 5, h = 0.5, H being arbitrary. We can compute, for some H, from (26), (27) X (H), Y (H), then from Eqn. (28) we get J 1 (H) and J 2 (H) corresponding to two curves with one intersection each. The condition for a curve with two intersections is J 1 = J 2 for some H.
To find this value of H we compute J 1 , J 2 for two values of H, H 0 = 0.40, H 1 = 0.55, and use linear extrapolation to compute H = H cr such that J 1 (H cr ) = J 2 (H cr ). In one step of this procedure we compute new value of
solving linear system of equations for
where i = 0, 1, 2, . . .. Then the next value of H (i+2) is computed as
α (i,i+1) . The convergence is quite fast, see Tables 2, 3 . 
Merging two singular points into a single degenerate point
It is possible, by smooth change of the parameters, to merge two singular points lying on the red curve in Figs. 2, 3 . The resulting singular point is degenerate, i.e. fulfills the following set of equations [16] :
where L (X, Y ) is given by (23). 
Summary and discussion
In this work we have studied dynamics of two coupled periodically driven oscillators. The inner motion of this system has been described by the exact fourth-order equation (5) (or (10) in nondimensional form). Applying the KBM method we have computed approximate resonance curves (amplitude profiles) A (Ω). Although the KBM method is basically used for the second-order equations we managed to apply it to the fourth-order equation since it was possible to eliminate secular terms and impose steady-state conditions. Dependence of the amplitude A on the forcing frequency Ω is complex since A (Ω) is defined implicitly as an algebraic curve, L (X, Y ) = 0, see Eqn. (23), with polynomial function L depending on variables X = Ω 2 , Y = A 2 and control parameters a, b, h, H, κ, J in a complicated manner.
In our previous paper we stressed that near singular points of algebraic curves, defining amplitude profiles, metamorphoses of bifurcation diagrams (and hence of dynamics) take place. In the present paper we have studied three cases of singular points of the resonance curves defined by Eqn.(23): i) the case of one singular point (Section 5.1), ii) the case of two singular points on one resonance curve (Section (5.2)), iii) the case of degenerate singular point (Section (5.3) ). Indeed, dynamics of the system (10) changes significantly in the neighbourhood of singular points of resonance curve L (X, Y ) = 0. Singular points described in Section 5 are just the tip of the iceberg and thus we are going to study multitude of singular points of amplitude profiles (23) in our future work.
